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Methods of Factoring

Greatest Common Factor

6X —3X =0 X 2X— 1)=0

3X=0 X=0
2X—1=0 | X=12

6(0) —3(0)=0 v~

6(1/2)°= 3(1/2) =

6/4 —3/2 =0

Finding 2 Linear Binomials
XZT7X+6=0 X-DNX—-6)=0
X—D=p [X=
X—-6)=0|X=

(1)2— 7(1)+6=0 v’
(6)2—7(6)+ 6= ol/

Completing the Square 2
X +8X =84

2
X +8X —84=0 2
X +8X +16=84+16

X+HEX+4)=100

A E+92 = A 100

X+4=10 [X=6
X+4=-10 | X=-14

2 . \/
(6)" +8(6)—84=0
(-14)2+8(-14) —84=0 W

Quadratic Formula

X2—7X+11=0 a=1 b=-7 c¢c=11

x= nIHen’® -aman

-- Take out greatest common
factor 3X

2(1)
X=T7+MN5 »~
x4 TS Zaeig
X= DI - 4ac 2
2a
R=d—0'5 2538
2

Q4% 72.4) +11= -04

Y=AX’+BX+C

(Since a quadratic's lead term has an
exponent 2, there will be 2 solutions)

-- Solve each piece..

-- Check solutions

-- Find 2 numbers whose product is 6 (the constant)
& whose sum is -7 (the middle coefficient)

1
6 -- Solve each piece..

-- Check solutions

-- Isolate the "X terms"

-- Divide the coefficient of the 2nd term by 2
and square it. (Add this number to both sides)

-- Factor and solve

-- Check solutions

-- Identify coefficients

-- plug into quadratic formula

-~ Simplify

-- check solutions

(this "rough check" supports

(4.6)%-7(4.6)+ 11 = -.04

our solutions)



Difference of Squares

X2—16=0

Sum of squares
DOES NOT FACTOR!!

2
X +49=0

Difference of Cubes

Factor: X 3 8

Sum of Cubes
X3 +27=0

Since it is X3
we're looking for
3 solutions...

2
X and 16
are perfect squares

Identify the perfect squares

Factor: "(Square root of first minus
X-HX+4)=0 square root of second) x (square root

(-4)2—16=0 v’
@16=0 ¥~

2
X and 49 are perfect squares,
but it does not factor...

X7+ 49 FEX+DE+7)

X+ X+ =X+ 14X +49

x> and 8 are perfect cubes

X and 2 are the cube roots

X —2)(X2+ 2X+4)

X3 and 27 are perfect cubes

X and 3 are the cube roots

X+ 3)(x2—3x +9)=0

X+3)=0 |X=-3

2
X —-3X+9)=0
(Use Quadratic Formula)

=0

3t 4/9-36
2

X= 3+3§N3

X= 3-312/\/3_

of first plus square root of second)"

Solve and check

Solution: 2
X +49=0

2
X = —49

(i is an imaginary number)

Identify perfect cubes.

Determine cube roots. Then,

Factor using "SOAP"  (signs are Same, Opposite, Always Positive)

(A-BYAZ+AB+B)
S (0] AP

Identify perfect cubes.
Determine cube roots. then,

Factor using "SOAP" (signs are Same/Opposite/AlwaysPositive)

(A+B)yA%-AB+B?)

S O AP
Real Solution
Complex/Imaginary
Solutions



Factoring (4 term) Polynomials: Grouping

Example 1: yo+2y? — 81y — 162

Solution A:  y3 +2y*  —8ly— 162
Y +2) -8l +2)
2 -8y +2)
G-+ +2)
SoltionB: y>—8ly +2y” —162
yy2-81)  +2y% -8

v + 22 - 81)
Y+ -+ -9
Example 21 b +b° =64b+ 64
bP+b? —64b—64=0
bZ(b+1) —64(+1) =0
(b2 64)(b+ 1) =0
(b+8)(b—8)(b+1)=0

b=-8,8 —1

Then, check your solutions:

Factor by 'Grouping’

1) Separate polynomial into groups

2) Factor each group (using Greatest Common Factor)
3) Merge and re-group

Separate the polynomial

Factor each group
(using GCF)

Merge and re-group

Note: Although Solutions A and B
approach the polynomial differently.
the outcome is the same!

Write equation (setting polvnomial equal to zero)
Separate into groups and find GCF's

Merge and regroup

Factor further

Solve

-8)° + (-8)* = 64(-8) + 64

Substitute into the original equation

b=-8 :
512+ 64=-512+64 W
3 2
b=8 : (8 +(8) = 64(8) + 64
512+64 = 512+64 W
3 2
b=+1: (-1F +(-1)° = 64(-1) + 64

141 = -64+64 W



Graphing Polynomials: 2 examples

Quadratic Function: £(x) = X2 7% + 10
(7. 10)
Identify y-intercept (0, ?) is the y-intercept
2
£(0)= 0"-7(0)+10=10
Find x-intercepts (2, 0) are the x-intercepts
(the roots) "
fx)=0: X*-7X+10=0 5.0
X —5)X-2)=0
X=2,5 ("roots") (712, -9/4)
Plot points and recognize Find midpoint of 2 and 5 to determine _ _ .
the axis of symmetry and vertex axis of symmetry.. X =7/2 (Since the coefficient of the X is
positive, the parabola faces up.. The
£(7/2) = 49/4 - 49/2 + 10 = - 9/4 vextexi§the function's minimum. . There is
Vertex is (7/2. -9/4) na k)
Cubic Function:
f(x)=3X—4X*— 11X + 30
Idestify y-inlescept £(0)=30 (0, 30) is the y-intercept
Find the x-intercepts. Since it S (0, 30)
is a cubic, there should be 3 fx)=0: )8_4X2_11X+30 =0
roots --- 3 intercepts...
(Using factoring techniques, we find) (-3.0)
X+3)X-2)X-5=0 2.0 (.0
X=-3,2,5 (-3,0)
2.0
(5,0) are the
x-intercepts
Plot points and determine 3
end behavior Leadiﬂg teml lS X (O 30)
P : -2, 28 ;
Therefore, the curve's end behavior will be C2:28)
"up to the right" and "down to the left" \(1 16)
-3.0
To check our intercepts and make a more —
accurate graph, we add points: Q. 0\/ (5.0
f(1)=16
f(-2)=28 G.-12)
f(3)=-12




Fundamental Theorem of Algebra: Any polynomial of degree n
will have exactly n roots

What is a root?
For a polynomial P(xX),

X2 +3X+2 degreen=2  Two roots: -1, -2

3X2-10X +24 + X3 degreen=3 (the largest
exponent is 3)

Factor and find the roots:

x*+5x% 36
2
X)X’ +9)

(X +2)(X-2)(X*+9)

if r is a root, then P(r) =0

Three roots: 2. -3, 4

Recognize that 9 and -4
add up to 5 and
multiply to -36

Notice that the first term is
"difference of squares"

Set factors equal to zero to

find roots
X+2)=0 -2
X-2)=0 2 Since the polynomial is degree 4, there are 4
roots (in this example: 2 are real; 2 are
2 3i 2 imaginary)
X "+9=0 3 wherei = -1

the form

P
L
|

Rational Root Test : A polynomial with leading coefficient 'a' and
constant 'b' can have rational roots only of

Note: the Rational Root Test will
identify possible roots. You
must test the candidates.

where p is a factor of b
and q is a factor ofa

fX)= —X—30+X +6X2

3 2
X"+6X —X —30

Write polynomial in standard form (order).
Then, identify a (coefficient of first term) and
b (the constant)

a=1 b=-30
Determine factors of each term. Then,
factors of 1:  factors of -30: identify all the possible roots by listing
q=1 p=1,2.3,5,6, .
10, 15, 30 =4

+1,+2,23, 5 % 6 10,15, £ 30

(Use synthetic division to) test the

candidates to find a root.
1 1 6 -1 -30 "
i 7 6 (1 is not a root)
T 5 )
2 is a root;
2 I 1 6 -1 -30 S
2 16 30 and, (X-2)isa You may factor the
1 3 15 @ factor Of‘the remaining polynomial to
J polynomial... find the other 2 roots.
X2 +8X+15 -3 and -5 are the
X+ 5)X+3) other roots...

To check your answer, confirm that £ (2) = f(-3) = f(-5) = 0



Rational Root Test & Factoring (continued)

= 3 L a=6 factors ofa: 9=1,2,3,6
B 0% +11X2 ax~2 b=-2 factors of b: p=1,2
possible roots: + P +1 4+ 141 +1 42 42424
- q ! (s s R ] (Mot e

Notice: there are 16 candidates. and, three of them are
roots.. So, there is a 3/16 chance of randomly selecting
a root the first time...

Islaroo? f(1)= 6(1)° +11(1)*=3(1) ~2=1240 NO

3 2 Using the Factor/Remainder Theorems,
Is2aroot? f(2)= 6(2) +112) —3(2)—2= 8474 0 NO

we search for a roof...

Is-2aroot? £(-2)= 6(2)° +11(-2)°—3(2)— 2=0 YES!!

\

Using synthetic division, we can break down

-2| 6 il =3 =3 the polynomial
22 2 32
6 =1 -t 0

Then, factor and set equal to 0 to find the
other roots...

(X - (2)6X2-X-1)
(X +2)3X+ 12X -1)=0

S ERTAT

‘What is the y-intercept? f(0)=-2 (0, -2)
What are the x-intercepts? f(x)=0 (-2.0). (-1/3.0). (1/2,0)

Fundamental Theorem of Algebra (continued): It guarantees that any polynomial of degree n will
have exactly n roots.. (** You must "double
count" the double roots..)

fX)=X 3—3X2 +4 The polynomial has degree 3, so there will be
exactly 3 roots..

fX)=X-2)X-2)X+1) X- l.’)2 produces a double root.

Roots are 2, 2, -1

3 2
Y=X—3X +3X-—1 According to Fundamental Theorem of Algebra. there
will be 3 roots (ie. 3 zeros)

Y=X-DX-DX-1) This is an example of a "triple root"

Rootsare 1, 1, 1



Factors and Remainders:

Is 3 a factor of 12842 Is 7 a factor of 12847 183 remainder 3

7 |1284
=7 __
58
-56
24
—21
3

Yes, because 1284 +3 =428 No, because there is a remainder..

(It isn't evenly divisible)

Is (X- 8) a factor of X°—7X?* + 14X — 8?2

X2+ X +22 remainder 168

X-8) | x>-7x? + 14x -3

_ X3— 8X 2 —=———— Polynomial Long Division

2
X +14X Synthetic Division ———
2 1 1 22
- X — 8

22X — 8 No. (X - 8) is not a factor..
— 22X — 176
168
Is (X — 1) a factor?
X2_ 6X +8
x-1 | x37%2 +iax.—s ———— Polynomial Long Division
3 2
__}% Synthetic Division === 1 | i =]
—6X  +14X 1
o 6X2 +6X Yes, [ (X - 1)|is a factor! L i
8X -8
— 8X-8

0

x2_ 6X +8 =|X-4)(X-2)

3 2
What is £(8)? (8) —7(8) +14(8) — 8=
512 —448 + 112 — 8 = 168 It's the same as the remainder!!

3 2
Whatis £(1)? (1) — 7(1) +14(1)—8= 0 The root has no remainder; It's a

factor...

Remainder Theorem: If a polynomial function f (x) is divided by
a linear term (X - a) and the remainder is r,
then f(a)=r Since (X - 4)

L (X-2)

This implies the (X -1) are factors,

Factor Theorem: If a polynomial function f (x) has a factor
(x - a), then f(a)=0
In other words, there is no remainder..

f@)=f(1)=f@)=0



= Given the roots 2 and -4
What is the polynomial function?

Since the roots are 2 and -4,
the zeros (x-intercepts) are 2 and -4.

So, the factors are (X - 2) and (X + 4)

fX)=X-2)X+4 <T) Q.

=x2?+2X-8

However, that is only 1 possibility.
The graph shows other curves with
roots of 2 and -4. All 3 are parabolas that have zeros at

s . 2 and -4
So, we need more information --

another point -- to determine the
specific function.

——— = Now, suppose you're given roots: 2, -4
and given y-intercept: 3

Use the formula Y=a (X - rl)(X - r2)

Y=aX+4)(X-2)
(2, 0) and (-4, 0) both work...

4.0 / \ @.0)

Y= @ H)X-2)
Now, insert (0, 3) \

3=a(0+4)0-2)
3=a(4)(-2)
s

= 8

a






