Modeling Functions using One Variable

Notes, graphs, examples, and practice quiz (with solutions)

V (volume)
400 -

(2.1, 195.8)
204 1

X (height)

0

V= 4x? — 60x* + 200x
where 0 <<x <5

Topics include parabola & vertex, area, volume, derivatives, revenue/cost,
factoring quadratics, and more.
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Modeling functions of one variable:

Example: A homeowner wishes to enclose/fence in 3 plots of land, 80 square feet each.
Area/Perimeter Problem

d) Write an equation that expresses Perimeter as a function of x
b) Write an equation that expresses 4rea as a function of x

¢) If he has 88 feet of fence, what are the dimesions of each lot?

Step 1: Draw a picture and label parts
length

width 80sqft | 80sqft 80 sq ft

Step 2: Develop the equations i i ‘ i i
Using the variables and equations on the left, we can create functions of one variable...

Let x = width _ o ) .

Lety = length P=2y+4x. ﬂns is perimeter as a function of x and y..
We need to get rid of the y!

Area = Xy 240

Perimeter = 2y + 4x P=2y+4x and y=

Using substitution,
There is 88 feet of fence, so 88 feet =4x + 2y
a) P)= o0 4 gy
88 feet —4x =2y X
or y=44-2x A =xy... this is area as a function of x and y
We want to get rid of the y variable...

Each plot is 80 sq. feet, so 80 sq. feet= x . (1/3)y A=xy and y=44-2x

or y= 240 Using substitution,

b) A(R) = x(44~ 2x) = 44x— 2%

Step 3: Solve

(113)y
If he has 88 feet of fencing, we know that P(x) = 88 S Y
88 feet= 480 4%
X X X X X
88x = 480 + 4x°
4>~ 88x + 480 = 0 v

- 22x+120 = 0 .
Step 4: Answer the question and check

x—10)(x—12)=0
If x =10, then y = 24 Ifx =12, then y =20

and (1/3)y =28 and (1/3)= 20/3

x=10or12
10x8 12 x 20/3
¢) The dimensions of each lot are ?I?:l (tff egcl;plgog: 80 area of each plot: 12 x (20/3) =80
otal lencms: total fencing: 4(12) + 2(20) = 88

10x8 OR 12x20/3




Example: An open box with a square base has volume 15 feet3 Modeling: creating functions of one variable

a) Write a function that models the surface area of the box (as a function of the base side (x)).
b) What is the domain of x?
¢) What dimensions would minimize the amount of material needed to build the box?

d) What is the surface area of the minimized box?

Step 1: Draw a diagram and label

The base is a square, so the four sides are equal (x) /
And, the height is (h) N
X
Step 2: Write the relevant functions X
Volume = (length)(width)(height) = 15 feet”
2
So, a square prism's volume is  (side)(side)(height) = 15 feet3 15=x"h
Surface Area of square prism = (side)(side) + 4(side)(height) 5
(with open top) SA=x" +4xh
Step 3: Use substitution to get the desired function
Our desired function is "surface area as a function of the base side"...
Right now, we have surface area as a function of x and h...
We need to get rid of the h...
. 15
since 15:X2h; h= 2 therefore, SA =x2 +4x( 157 ) a) SA=x2 + %
x2

If we look at the surface area and volume, we can determine the domain of x...

2, 60
SA = x +? s0, X cannot be 0...

. . ‘ b) domain of SA(X)is (0, o )
since X is a length, x cannot be negative...

Step 4: Solve equation/find the minimum value
method 1: use a graphing caleulator... SA(X)

At the right, is the graph of the function...
We elimate the minimum values left of the y-axis
(because they are not within the domain)..

The minimum value is when x =3.11
pi
Ifx=3.11,then h=1.55 because (3.11)7(1.55)=15

¢) So, the dimensions are 3.11 x3.11 x 1.55

method 2: use calcuhis (3.11,29)
Find 1st derivative: SA'(x)= 2x— 6{.), L 0 10 @ X
X~ | | |

Then, determine 'critical vahies'... .

0=2x- %

* SAB.107) = (3.107) + —22 — — 2806
0= 2% — 60 : : G~ B
2

SA'(x) is undefined at x = 0 SA= (3.107) +4(3.107)(1.55) = 2891

and, 2
SA'(x)=0 whenx= ]{BO =3.107 d) the minimum surface area is 29 feet” approximately



Example: A math center charges $400 for a course, and they get 750 students. Quadratic vertex example
For every $25 increase in price, they lose 30 students. (finding maximum)

‘What price would maximize revenue?
‘What is the domain and range?

Since we want to "'maximize revenue', we start with a revenue function..
Revenue = (Price)(Quantity)

Then, use the details in the question to fill in the variables and constraints...
(400 + 25x)(750 - 30x) = R(x)
price quantity ~ revenue

(where x is the number of $25 increases)

method 1: use midpoint of zeros method 2: -b/2a
400+ 25x =10 x=-16 change to standard form and find (-b/2a, f{-b/2a))
750-30x=0 x=25 300000 + 6750x — 750)(2
axis of symmetry of 4.5 % = 4.5

4.5 increases would lead to a price of
(400 + 25(4.5)) = 512.50
4.5 increases would lead to a quantity of

(750 + 30(4.5) = 615

revenue = $315,187.5

vertex

2\ 0

domain: -16 <x < 25| After 16 price decreases. the price would be 0... (Free items don't have revenue!)

After 25 price increases, there will be no sales...

range: 0 <y < 315,187.5



Modeling function of one variable:

Example: The volume of a metal box is 30 cubic feet. If the length is 5 feet greater

than the height and the width is 2 feet less than the height, what are the Volume
dimensions of the box?
Volume = length x width x height
30ft° = (h+5) feet- (h—2) feet - (h) feet
h
hth+ 5)th—2) =30 combine 1st and 2nd terms
(h? + 5h)(h — 2) =30 FOIL
3ap2 - - Set equal to zer h-2
h” +3h” — 10h =30 et equal to zero —
h? +30% — 10n —30 =0 solve for h (by grouping)
e o —
2
b (+3)—10(+3)=0 h+3=0 h=-3 Since height cannot be negative,
2 ionis h=
(h+3)h" —10)=0 n-10=0 h=/4/10 our solution is h
_ the solutionis h= A/ 10  (approximately
h=—-/A10
3.16)
s0, the dimensions of the box are
approximately 8.16 x 1.16 x 3.16
V()
—40
(3.16, 30)
V(h) =30
20

Note: Height (h) cannot be negative, and
Volume (V(h)) cannot be negative

V() =h> +3n° — 100 |
Therefore, the domain is h > 2

- 0 :  h The volume 30 occurs when h = 3.16
| \/ | (the intersection of the line and the curve)
We ignore -3.16, because height cannot
be negative...




Example: The profit model of a manufactureris P(x) = 75x + 3x2 - .(}r15x3 — 1960

where x is the number of toys that are produced

a) What is the break-even production level?

(16.3, 0) is the first x-intercept... So, the company loses money on
the 16th toy... But, makes money producing 17 toys...

(Also, the company "breaks even' at producing the 220 toys,
although it's unlikely a rational company would produce that many toys.)
b) What is the maximum profit?

The maximum profit occurs at the local maximum..

30000
26,261

¢) What is the domain of this function?

The domain of this curve is all real numbers.. HOWEVER, there are
no "negative" numbers of toys... And, presumably the manufacturer
will stop producing toys when it becomes a loss.. [0, 220]

(also. a company doesn't have enough resources to produce infinite toys!)

d) What levels of production does this manufacturer lose money?

0=<x=<17 or x=220

(where x is an integer)

€) What are the manufacturer's fixed costs?

$1960 is the fixed cost, because that is the amount the
manufacturer loses if it produces 0 toys.
(the y-intercept)

Analyzing a cubic model of
a toy manufacturer

x-intercepts: (16.33. 0) and (220.03, 0) -100
y-intercept: (0, -1960) .

local max: (145, 26,261) —— 5008

300




ht) = —16t7+ 200t + 8 Masth

"When does the AP. 0110
rocket land?" / mooA
/ €l
=y A
"Do we solve for 't'?
Or, for 'h'?"

we always solve for 'x'.
Where are the x's?"

fl don't know. [ thoughtw

"Uh, Mr. Houston,
we have a problem."

Teaching this crew about quadratics 131?51;%1&;
was a challenge for Professor Houston P

Practice Quiz-=>



1) The quantity Q = xI+ 3y2 is subject to the constraint x+y=35.

a) Express the quantity Q as a function of only x.

b) What is the minimum quantity of Q?

2) Assume you have 60 feet of fencing material.

a) What is the maximum area you could enclose?

b) What are the dimensions of the closed area?

3) A math farmer is going to build a pen using 240 meters of wood.
One side of the pen will border a barn, and there will be a
wooden divider to separate the pen into 2 parts.

a) Write a function A(xX) expressing area as a function of the width x

b) What is the maximum area of the pen?

bam

divider width

length



4) You're contracted to build a square-based 600 cubic foot container made of steel. Modeling Quiz

Assuming the construction is an open-top container,

a) What are the dimensions of the container that will minimize the weight?

b) What is the surface area of the container?

5) Suppose you have a 10' x 20’ piece of cardboard.
If you wanted to make an open rectangular box (by cutting out the corners & folding up the sides),

20 X
a) what dimensions would create a box with the largest volume? i .
X ‘ [
b) what is the maximum volume? [S— [
10
x| D




6) You operate a tour company that accommeodates 60 - 90 people.
You charge the following rates: $200 per person

If more than 60 people sign up, the rate drops 82 per
person for each additional person after 60...

If less than 60 people sign up, the tour is cancelled.
The cost of each tour is $6000 plus $32 per person.
a) Write an equation that shows profit as a function of people
b) How many people would maximize your profit?

¢) What is your maximum profit?

7) A building's window frame shaped as a rectangle with a semicircle is
constructed with 28 feet of wood.

Which dimensions would maximize the light shining inside the building?

2x

Modeling Quiz



8) A rectangular swimming pool in the backyard is 18" x 42" Modeling Quiz

You want to embed a brick border around the entire pool.
You have 240 square feet of bricks, and the border will have a uniform width,
what will the width of the border be?

18

9) A golf ball travels in a parabolic arch for 270 yards from the tee to the point of contact on the green.
If the ball was 60 feet high when it had traveled 50 yards, what was the golf ball's maximum height?



Parabolas

"It's impossible to get
a good grade with him

in this class..."

B
Q_ Algebra

This outstanding student set the class curve for every test..

LanceAF #166 (11-28-14)
mathplane. com

SOLUTIONS-->



1) The quantity Q = x4 3y2 is subject to the constraint x+y=>5. SOLUTIONS Modeling Quiz

a) Express the quantity Q as a function of only x.

b) What is the minimum quantity of Q? 5 )
b) Q=5x"—30x+75 isaparabola that faces up.

a) Since Q is a function of x and v, let's change to 1 variable.... The minimum quantity will occur at the vertex!

x+y=5 —= y=5-X then, substitute into the main equation... b =30)

The axis of T — =
e axis of symmetry: 2 26) 3
2 2
Q= 2x" +3(5-x) Since the minimum occurs at x = 3,
2 2 2
Q= 2x"+75-30x +3x~ the minimum quantity is 5(3)" —30(3) + 75 = 30

S
Q=5x"—-30x+75 Ifx=2andy=3,

Quick Check: 2 2
minimum occurs at x =3 Q-2(3) +3 then, Q=135

and, therefore, y =2
Q=30 Ifx=4andy=1

becausex +y =175

then, Q=35
2) Assume you have 60 feet of fencing material.
a) What is the maximum area you could enclose?
b) What are the dimensions of the closed area?
Step 1: Establish variables and formulas Step 2: Write the equation you wish to maximize.
Are . We want to maximize the area:
A= X =
¥ gm:ﬁ: _ gg g The following is the Area as a function of x, Graph of one fence side
¥ _ and the corresponding area
60 = 2x + 2y AR = xy
30=x+y A =x(30-3) AR
N (15, 225)
y=30-x% A(x)=—-x"+30x
Step 3: Solve and answer the questions
Step 1a: Draw a diagram This is a parabola that faces down, so
the maximum occurs at the vertex...
y
Since the zeros (x-intercepts) are at 0 and 30, o
the vertex occurs at the midpoint: 15 (0. 0) (30,0) X
x X Sincex =15, y=15 AX) =x(30—-x)
a) Area =225 square feet where domain is (0, 30)
Y b) dimensions: 15'x 15
Area =xy "Main Function' that we want to maximize

3) A math farmer is going to build a pen using 240 meters of wood.
One side of the pen will border a barn, and there will be a 240 = 3x+y 'Constraint Function’
wooden divider to separate the pen into 2 parts.

Using substitution, we make Area as a function of x
a) Write a function A(x) expressing area as a function of the width x

Area = x(240 — 3x)
b) What is the maximum area of the pen? 5

A= 240x — 3x

barn a) A(x) = —3x° +240x where x is the width...

To find the maximum algebraically, we look for the vertex:

= 53y = 40

,
Since x = 40, A(40) = -3(40)" + 240(40) = 4800

OR.

y Since x =40, 240=3(40)+vy... Soy=120...
therefore, the Area = (40)(120) = 4800..

b) Maximum Area of pen: 4800 square meters




4) You're contracted to build a square-based 600 cubic foot container made of steel.
Assuming the construction is an open-top container,

a) What are the dimensions of the container that will minimize the weight?
b) What is the surface area of the container?

Modeling Quiz

Step 1: Draw a diagram and label Step 2: Establish formulas
Volume = (length)(width)(height) Surface Area = 4.(area of each side) + (area of bottom)
V = XXy = xzy

y P
Vs
’ * **Since we are trying to minimize surface area,
< we will try to set up SA in terms of one variable (x)
(since it is square-based,
the length and width are equal) y= 607 therefore, | SA= 4x (607 ) +x2
Step 3: Find minimum of function! * *
2400 2 Using a Graph
= —5 *T% Step 4: Answer the questions:
Usine Calculus ~ SA'= —2400 + o2 1000 a) What are the dimensions?
= 2 I
%2
A : — — __600 _ ; g
(set derivative equal to zero) | Since x=10.63, ¥= 5 = 5.31 (approximately)
to find critical values 500 (10.63)
2400 | slightly more than
- . 2 ' ' [ :
2 +2x =0 (multiply by x ) I (10.63, 338.8) | 10.63' x 10.63' x 5.31 600 cubic feet
253 — 2400 = 0 2 a =X b) What is the surface area of the container?
2
SA = 4xy +x7
%% = 1200 Y
2
= 20 et o = 4(10.63)(5.31) + (10.63)°
Domain: (0, loo ) 135,75 .
| | = square fee
x= 10.63 feet (approximately) I — _10ba !

5) Suppose you have a 10" x 20' piece of cardboard.
If you wanted to make an open rectangular box (by cutting out the corners & folding up the sides),

a) what dimensions would create a box with the largest volume?
b) what is the maximum volume?
Step 1: Label the diagram and write formulas

Area of cardboard box = (length)(width)
(original length)(original width) = 200 sq. fi.

Volume of open box = (length)(width)(height)
(20 — 2x)(10 — 2x)(x)

7 (Volume)

Step 2: Establish function
Since we want to maximize volume,

V= (20 — 2x)(10 — 2x)(x)

Solve (2.1, 195.8)
with Graph ——268 T

) .
V= (20 - 2X)(]OX —2X ) < (helght)
V =200% — 4052 — 20x° + 4x°

V= 4x3 - 60x? + 200x

(quadratic formula)

304900 — 600

Solve with Calculus

V= 4x3— 60x2 +200x
where 0 <x <35
(all other values are impossible)

(To find critical value -- max/min ---
set first derivative equal to zero)

X= 6
_ 543 '
V= 12x%— 1205+ 200 =0 =35+ 3 =7 extraneous!
2x79=158

5 53 7@ 15.8 > the width!
3 -

3x? —30x+50=0

X 20 X

10

| ok
X X

(note: the cut-out corners must be squares;
otherwise, the top of the open box will be uneven)

Step 3: Answer the questions

a) What dimension creates the maximum volume?

x=2.1 |(cutout2.1'x 2.1"in each comer)

length = 20 +2x = 15.8 feet

width = 10 + 2x = 5.9 feet

b) Volume = length x width x height

15.8'x 5.9'x 2.1' = 195.8 cubic feet




6) You operate a tour company that accommodates 60 - 90 people.
You charge the following rates: $200 per person

If more than 60 people sign up, the rate drops 82

person for each additional person after 60...

SOLUTIONS

per

If less than 60 people sign up, the tour is cancelled.

The cost of each tour is $6000 plus $32 per person.
4) Write an equation that shows prafit as a function of peaple
b) How many people would maximize your profit?
¢) What is your maximum profit?

Step 1: Transform above description into
math equations:

Step 2: Write the equation you're seeking to maximize

Profit=p($200 — $2(p —60)) — [$6000 + $32p]

= $200p — $2p* + §120p — §6000 — $32p

$-2p” + $288p — $6000

Modeling Quiz

o 0 if 0=p=
The domain is [60, 90] let p = # of people 5 Pl - i i P =60
B = A -2p° + 288p— 6000 if 60=p =90
Profit = Revenue — Cost Cost= $6000 + $32p )
0 if 90 <p
Revenue = p($200 — $2(p — 60))
PR " Take derivative: —dljjroﬁt =—4p + 288 OR. find the vertex in the
Step 3: answer questions P parabola...
b) What is the optimal number of people: <——" | Setequalto zero to find max/min: -4p + 288 =10 b _ ey
p=T2 2a 2(-2)
€) Whatis your m um profit? Step 4: Check your answer
Revenue: , M_JO x72= $14"4OO , 71 tourists: Revenue: $200 x 71 = $14,200
Discount: 12 people over 60 ---- $24 discount/person Discount: (11x $§2)x 71 = —$1562 Profit $4366
$24 x 72 =$1728 Cost:  $6000 + ($32 x 71) = —$8272
Total revenue: $12,672 .
72 towrists: Profit: $4368
Cost: $6000 + $32(72 people) = $8304
73 tourists: Revenue: $200 x 73 = $14,600 )
Profit. $12,672 — $8304 =| $4,368 Discount: (13 x $2) x 73 = 81898 Profit: $4366
Cost: $6000 + ($32 x 73) = $8336
7) A building's window frame shaped as a rectangle with a semicircle is
constructed with 28 feet of wood.
‘Which dimensions would maximize the light shining inside the building?
To maximize the light, we need to maximize the area of the window.
'Main function to optimize: Area= 2xy + %’IT e bl
rectangle  semicircle . (3.92, 54.5)
'Constraint function'  perimeter = 2x + 2y + %.rmg y
28 = 2x + 2y + TX
y - 28 —2x—Tx
2 2x
Use substitution and combine the equations
28 —2x—Tx 1 2
= [E—— N ¢
Area = Ix( 2 ) 2 Area of rectangle:
Area — 28x — 2x° —Tx° + (2x)()
2(3.92)(3.92) = 30.7
A(x) = 28x — %% - lﬂsz -
2 Area of semicircle: 10
1 2 '
S TG92) = 241
To maximize, set derivative equal to zero....
A'=28 —4x — Tx Total Area: 54.8 Fal
(calculus) 0= 28 — 4x — Tx —
28— 2(3.92) — Tr(3.92 Dimensions:
28 = 4x T v 2 Bottom: 7.54 feet
Left side: 3.92 feet
28 \ ' ' :
= ———— = 3.02feet = 28— 784 - 1232 3.02 feet Right side: 3.02 feet 01 28 ot
(1 +m) 2 "

Arch: 3.92 T feet




8) A rectangular swimming pool in the backyard is 18' x 42" Modeling Quiz
You want to embed a brick border around the entire pool. SOLUTIONS
You have 240 square feet of bricks, and the border will have a uniform width,
what will the width of the border be?
area of area of the pool area of pool
border WITH bricks ALONE
\ / 12
Area= (18 +2x)(42+2x)— (18 x 42)
240 = (18 +2x)(42 + 2x) — 756 18 < x
2
240 = 756 + 84x + 36x + 4x — 756
2
4~ + 120x — 240 = 0
2 x = ~31/%8 or| 1.88
X +30x — 60 =0 / : .
X
(quadratic formula) border must be > 0
9) A golf ball travels in a parabolic arch for 270 yards from the tee to the point of contact on the green.
If the ball was 60 feet high when it had traveled 50 yards, what was the golf ball's maximum height?
Here's what we know... The golf ball travels in a parabolic arch...
It goes 270 yards (x)... height
When it is 50 YARDS away, it was 60 FEET high... yards
(note the units!)
(50, 20)
The sketch shows 3 points.. (0, 0), (50, 20), and (270, 0)
So, we have the two intercepts: (0, 0) and (270, 0)
and, a point: (50, 20) 0 270 yards

So, we'll create a quadratic in intercept form....

y = a(x - 0)(x - 270)

to find a, we'll substitute (50, 20): equation of parabola:

20 = a(50 - 0)(50 - 270) A .
¥ W(XJ(X 2."0)
20 = -11,000a
- - . _ o
a 555 Note: (0, 0), (270, 0) and (50, 20)

all fit in the equation...

Once we have the equation, we can see the
vertex (max height of the ball) occurs at
the midpoint of 0 and 270 ----> 135

The last stepr; If x = 135, whatis y?

y=_-1
350 (135)(-135) 33.136 yards...




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, and requests, let us know.

Cheers

mathplane.com

Also, at Facebook, TeachersPayTeachers, TES, Google+, and
Pinterest

And, Mathplane Express for mobile at mathplane.ORG






