Calculus: Trapezoid Rule

Notes, Examples, and Practice Test (with Solutions)
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Calculus: Trapezoid Rule

What is it? A method for estimating the area under a curve.
A method for approximating the value of a definite integral
It uses linear measures of a function to create "trapezoidal areas"

Definition: b
_ AX
j fx) dx= 25 [ flxg) + 2x)) + 2flxy) o +2Mx00) A, )]
a . .
where A x is the measure of each sub-interval b-a
n
Explanation and Find the area under the curve
General Example:  from a to b. )
Step 1: Determine the number
of partitions (1)
(note: the greater the number of
partitions, the more accurate
the approximation of the area)
b
Step 2: Divide the interval [a, b]
into n sub-intervals 7%
X
)/"?::h\\:&
Since n = 6, there are 6 subintervals
(creating 6 regions)
Step 3: Draw segments "connecting the
tops" of the vertical lines
This creates 6 trapezoids!
Step 4: Add up the areas of the X 45 % X5 0% X X
trapezoids
. Area of first trapezoid: Area of second trapezoid:
Area of Trapezoid: — (b, + b, )h
2 v 172 _b-a _ fix) SxD) b— fxy)
where h = height T A ‘ = s [
b, = upper base (the dtlstance from (the distance from
b2=lowerbase %o toxy) X1 toxz}
by =flxp) by =Ax)
(After taking out the greatest common factors (the distance from (the distance from
and collecting the like terms,) the x-axis t0 /{x ;) the x-axis to fix )
The sum of the 6 trapezoids: -
P b, = flx,) b, = flx,)
AX % % _ 5 %
3 [(fTxp) + 2/0x)) + 2fTx,) + 2f(x;) + (the distance from (the distance from

Ylx )+ 2x5) +xg)]

the x-axis to j‘(xl)

= [(fxg) + fix)] Ax

the x-axis to flx )

- [(fx)) + R ] Ax



Calculus: Trapezoid Rule

Example: Using the trapezoid rule, where the number of sub-intervals n = 4, approximate the area under f{x) in the interval [0,2].

2
Then, using the definite integral S fix)dx  compare your estimate with the true value.

0
Step 1: Divide into n sub-intervals + %) =x 2.,
Each sub-interval will be 1/2 = 4 o 1/2 -
Step 2: Draw line segments "connecting the tops"
_], —4
Find the values [0 =1
at each sub-interval: X
f112) = 5/4 T
fy =2 24
f3/2) = 13/4 /
1
2 =5
I I I |
Step 3: Add up the trapezoids. 1 2 3
1
Area= — (base 1 + base 2)(height)
i 1. 1 9
trapezoid 1: 5 45412 = 3 ] R
54— fx)=x"+1
13
trapezoid 2: 1 (5/4+2)(1/2) = 16
2 4L
-1 2. 1 21
tr d3 = = =
apezol 3 (2 + 13/4)(1/2) 16 P
trapezoid 4: 1 (13/4 + 5)(1/2) = 33 21
2 16
76 1 -
Total — =
ota 16 4.75 112134
| | |
I I |
11 32 3
Observation: If the curve is concave up, the trapezoid rule will overestimate the area.
If the curve is concave down, the trapezoid rule will underestimate the area.
(And, if it is a straight line, it will give the exact area.)
The actual area: 2 2 3 2 (2)3 (0)3 14 _
0

Since the curve is concave up in the interval, the trapezoid rule overestimated the actual area!



6 : )
Example: Use the table of values to estimate S %) dx Calculus: Trapezoid Rule

0

X 0 1 2 3 4 5 6

|12 (106 |5 |8 [10]17 4

Since the partitions (intervals) are uniform, ]
we can use the trapezoid rule formula. -
10 T
° Ax T
S R = S [xg) + 2x,) o ) +fixg)] T
0 £
= ;— [ 12+ 2(10) + 2(6) + 2(5) + 2(8) + 2(10) + 17 ] -+

. 5
= 5 [107] 5 535 -
Or, adding the 6 trapezoids individually: 1
11+8+355+65+9+13.5= 53.5 i

11
Example: Use the table of values to estimate S %) ds

1

X 0 1 4 8 11 |16 | 18

fO | 2|3 [ 8 |63 73 i

Since the intervals are not uniform, we need to -
evaluate each trapezoid separately £
(rather than use the formula).

Also, since the integral is evaluating the interval from -
1 to 11, we'll only use part of the table. 4

Trapezoid 1: % (3+28)(3) = 332 5

Trapezoid 2: % (8 +16)(4) = 48 1 2 3

Trapezoid 3: L(16+13)(3)=87‘;’2 T N — L N E R A
2 12 3 45 6 7 8 9 101112 1314 15 161718

Total Area:| 108



Example: Use the trapezoid rule to approximate the area under the function f{x)=—2x+8 ‘ Calculus: Trapezoid Rule

for the interval [1, 4]. Use six sub-intervals. (n = 6)
Then, use the definite integral to determine the exact area.

-2x + 8
f) =6 The total interval length is 3 units (from 1 to 4) R
i fl1.5)=35 After dividing by 6, each sub-interval = .5 \
sub-intervals S =4
f25=3 1
73) =2 =N (D[6+2(5)+2(NH+2(3)+2(2)+2(1)+0]
35)=1

O 1
- Lsser] s ]

Since the function is linear, the definite integral should equal the trapezoid approximation!

4 4
S X8 dx = —xT+8x | = —(@) +8@) — [~} +8(1)] = -16+32-7= 9o |
1 1

Example: Use the trapezoid rule to approximate the area befween the function g(x)= —(% X )2 + 5, x =4, the x-axis, and the y-axis.

a) Use 4 sub-intervals
b) Use 8 sub-intervals
¢) Compare with the definite integral

y-axis
3 -3 7 T T . —
a) Using 4 sub-intervals, we evaluate: 2(0) =5 [, n=4
g(1)=19/4 sub-intervals
interval is [0, 4] -- each sub-interval is 1 2(2)=4 "
(the height height of gg; i 174
each trapezoid) 3
(the bases of the trapezoids)
(sum of 4 trapezoids) 5

%(s +19/4)(1) + %(19;4 +a)(1) + %(4 +11/4)(1) + %(um +1)(1) =

39 35 27 15

R R S T
0 2 3 4 \ s
b) Using 8 sub-intervals:
interval is [0, 4] -- each sub-interval is .5 y-axis
0)=35 ’-——'l‘\
gglg o o(.5) = 79/16 S n-§
2(2)=4 2(1.5)= 71/16 \ sub-intervals
°() = 11/4 2(2.5) = 55/16 4 \
24 =1 £(3.5)=31/16 \
(height) (all the bases of the trapezoids)
%(.5) [ 5+ 2(79/16) + 2(19/4) + 2(7T1/16) + 2(4) + 2(55/16) + 2(11/4) + 2(31/16) + 1 ] 5
%(_5) [14+236/8+302] = %(.5} [58.5] = |14.625
1 X-axis
c) Evaluate 4 1 2 1 2 3 4 0 2 4 \
S—(—X)+5: X 45 = X
2 4 + 5x
12
0 0 0

NOTE: Since the curve is concave down, the trapezoid rule
_ —64 +20 = | 14.66 underestimates the true area. Also, the more sub-intervals that
T2 ) are used, the more accurate the approximation!)




Go
Figure(s)...

"Sweetie, you're a
"Why doI havetobe a special right triangle."
//,-’f"// right triangle this year?!?"

"Daddy, what's
a trapezoid?"
! 94@}

LanceAF #57 (10-31-12)
Math Parents -- and, embarrassed children -- on Halloween www.mathplane.com

Practice Test



Calculus: Trapezoid Rule Quiz

I. Area of Trapezoid

Find the area of each trapezoid

II. Trapezoid Sums

12 9

11

1) Using the trapezoid rule, where the number of sub-intervals n = 4, approximate the area under f{x) in the interval [0,4 ].

6
2) Use the table of values to estimate S %) dx

0

x| 2| 8|13

16

17

14

18
3) Use the table of values to estimate S o(x)dx

4

X 0 1 4 8 11 |16 | 18 | 20

ex| 2|3 |8 |16]|13]7 |3 |0




II. Areaunder a curve Calculus: Trapezoid Rule Quiz

Approximate the following using the Trapezoid Rule. Then, compare with the evaluated definite integral.
(optional: Graph the functions, showing the area under the curves and the trapezoids)

1) 4
S Nx +2 & (Use n=4 sub-intervals)
0
4
2
0 2 4
2) T

S cosx +2 dx (Use n=4 sub-intervals)
0

3) Using the trapezoidal rule, estimate the area between y = x3 and the x-axis on the interval [-2, 2]
(Use n = 4 sub-intervals)



IV: Miscellaneous Calculus: Trapezoid Rule Quiz

the funetion f{x) = -x? +10x - 19, and the x-axis.

=]

1) Approximate the area enclosed by lines x = 3 and x=6.

ha

2) Determine whether the trapezoid rule would overestimate, underestimate, or equal
the area under the function h(x) for the given intervals:

A) y=sinr [0, 1] B) i =3xi+7 [L4] C) y=2x+3+7 [4.0] D) gx)=(x—3 [5 10]

3) Using the trapezoid rule, approximate the shaded area:

mathplane.com



Area
Code Although I like my place at the intersection,

2nd

Way (the 8 square blocks
of LxWis
a beautiful area!)
4th
Lane

sometimes 1t's nice to go off the grid...

LanceAF #88 5-31-13
www.mathplane com

Solutions



Calculus: Trapezoid Rule Quiz

I. Area of Trapezoid

Find the area of each trapezoid

1
Area= - (base; + base , )(height)

II. Trapezoid Sums

SOLUTIONS

11

Areaz%(8+ 1))

1) Using the trapezoid rule, where the number of sub-intervals n = 4, approximate the area under f{x) in the interval [0,4 ].

The interval span is 4... So, each of the 4

sub-intervals will each have a span of 1.

foy=3
fy=5
fiy =525
f3)=4
f4)=233

Trapezoid 1

Trapezoid 2

N|H N|._.

" height of each
trapezoid

/ bases of the trapezoids

B+51)=4

(5+5.25)(1) = 5.125

Trapezoid 3 % (5.25 + 4)(1) = 4.625

Trapezoid 4 % (4 +2.33)(1) = 2.165

Total (approximate) area under the function:

6
2) Use the table of values to estimate S %) dx

0

X 0 1

2

3

4

5

fx) | 2 3

13

16

17

14

n =6 sub-intervals (bases of the trapezoids)

sub-interval lengths are 1 (height of each trapezoid)

% (D2 + 2(8) + 2(13) + 2(16) + 2(17) + 2(14) + 9]

L pam <] 735 |

using 6 sub-intervals

12

6.5

18
3) Use the table of values to estimate S o(x)dx

4

X

0 1 4 8

11

16 | 18

20

£(®)

2 3 8 16

13

713

Since the ntegral measures the function on
the interval [4, 18], we'll only use part of the table!

Also, note the sub-intervals will have different lengths..

trapezoid measures

Area of trapezoids:

trapezoid 1:

trapezoid 2:

trapezoid 3:
trapezoid 4:

48
43.5
50

Area= %(9 +12)(4)

4<=x<8
g<x=l11
11<x<16
16 <x <18

total estimate: 151.5




III. Area under a curve Calculus: Trapezoid Rule Quiz

Approximate the following using the Trapezoid Rule. Then, compare with the evaluated definite integral.

(optional: Graph the functions, showing the area under the curves and the trapezoids)
1

) 4
S Ax +2 dx (Use n=4 sub-intervals)
0

Then, we evaluate the function at each sub-interval:

since the function's interval is 0 to 4, each equal f0)=2 __—
. . . . = 4
sub-interval will be 1 unit. f)=3 (these are the lengths of the —
A2 =341 bases of the 4 trapezoids) //

f(3)=3.73
S =4
sum of the 4 trapezoids:
24

%(2 +3)1) + %(3 +3.41)(1) + % (3.41 +3.73)(1) + %(3.73 +ay1) =

25 + 32 + 357 + 387 =|13.14

4 3 4
16 — 0 2 I
S Wx + 2dx - %P x| = S5 +8-(0+0)=|1333
0 . . .
0 Since the curve is concave down, the trapezoids
) will underestimate the actual value under the curve.
2 T

S cosx +2 dr (Use n=4 sub-intervals)
0

Since there are 4 sub-intervals, we need to find

Th f the tr: ids:
the following values: © st oL He rapezoies

Each sub-interval is cos(0 )+2 = 1+2 =3 %% 3+2(2.707) +2(2) +2(1.293) + 1] = % (16) =| 27T
o cos(1L) +2 =ﬁ+z = 2707 ‘
COS(J;L)+2 =0 +2 =2 N
cos(i;llT) +2 = _ﬁu =1.203 2L
cos(17) +2 = -1 +2 =1
T T T

S cosx+2dr = sinc+2x = sin(Tr )+ 207 — [sin(0) + 2(0)] : | | I
5 0 ar T

‘ = 2T (or approx. 6.28)

I
NOTE: From 0 to 7, the function is concave down.

, ids underestimate th . But,
3) Using the trapezoidal rule, estimate the area between y = x3 and the x-axis on the interval [-2, 2] (so, trapezoids underestimate the area). But,

(Use n = 4 sub-intervals) from -L_l to "IT , the function is concave up.
(so, trapezoids overestimate the area).

4 sub-intervals: 1 unit each

4 bases: (-2,-8) to (-2,0) base lengths:
(-1.-1) to (-1, 0)
(0,0) to (0,0)
L e (1,1) to (1,0)
T (2.8 to (2.0)

-1 B I ]

areas must be positive values! 92+ 1/2+1/2+9/2 =5 10
2 2

T 4
(concave up, so overestimates) E L dx = 4L

= 4  so,exactareais 8...
0

0



IV: Miscellaneous

1) Approximate the area enclosed by lines x = 3 and x =6,
the funetion f{x) = -x? +10x - 19, and the x-axis.

Using 3-subintervals (n = 3),

The bases of the trapezoids will extend from the x-axis to
=2 fM)=5 fi5 =6 fie)=5

The height of each trapezoid will be 1. Ax = b

= >==1

—a
n 3

Area of 3 trapezoids = 5 [f3) + 214 + 25) + A6)] =

%[2+10+12+5]= 14.5

Using Integration to find exact area:
¢ —x3 2 °
g —x?+10x— 19 dx —-txiox) =

3 3
—216
3

+180— 114 —[-9+45—57] = -6 —[-21]= 15

SOLUTIONS

Calculus: Trapezoid Rule Quiz

2) Determine whether the trapezoid rule would overestimate, underestimate, or equal

the area under the function s(x) for the given intervals:

A) y=sinr [0, 17] B) fly=3x*+7 [L.4]

concave down -1 underestimate concave up --|overestimate

P

3) Using the trapezoid mule, approximate the shaded area:

There are many approximations...
For example, divide the area info 6 equal sub-intervals...

base lengths
At y=6, base extends from 1 to 3 2
y =5, base extends from 1 to 3.5 2.5
y =4, base extends from 1 to 2.75 1.75
y =3, base extends from 1 to 2.75 1.75
y = 2. base extends from 1 to 3.5 2.5
y =1, base extends from 1 to 6.75 5.75
y =0, base extends from 1to 7 6
trapezoid 1: 71 @2 +2.5)(1)= 225
trapezoid 2: 71 2.5+ 1.75)(1) = 2.125
etc...
imat
" E 71(1)[2 +2(2.5) + 2(1.75) + 2(1.75) + 2(2.5) + 2(5.75) + 6]

2i(])[sﬁ.s] :

C) y=2x+5+7 [4.0]

linear --resu]I

concave up --

AN

D) g®)=E-3° [5 10]

overestimate

. Note: for a quick check/estimate,
simply count the number of
shaded unit boxes.

mathplane.com



Thanks for checking out this packet. (Hope it helped!)

If you have questions, suggestions, or requests, let us know.

Cheers, LAF

Mathplane.com

Teaching an Old
Dog new Tricks

Diophantus,

Oka, &

Gauss Teachers
School of Mathematics

Grades K-9 %

It's never too late to
learn mathematics!







