Calculus: Chain Rule

Notes, Examples, and Practice Quiz (with Solutions)

(composite function)
If h(x)= f(ex)
then h'(x)= f'(g(x)). g'(X)

If y=/f(u) and u=gx)

; dy _ dy  du
hen G T du  dx

Topics include related rates of change, conversions, composite
functions, derivatives, power rule, and more.
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Chain Rule

Derivatives show the rates of change between variables.

72
Example: y=2x"+4x+7
dy . : :
ax —&xt+4 The instantaneous rate of change of y with respectto xis 4x + 4.

But, what happens when other rates of change are introduced?

Chain Rule Equivalents:

Example: A car's velocity is 60 miles per hour. How many miles per minute does it travel?

Its rate of change (derivative with respect to hours) is ﬂﬂ
our
But, its (velocity) rate of change with respect to minutes

60 miles 1 hour | _nile
1 hour 60 minutes minute

Notice: We needed to introduce another ratio to get our desired rate of change!

Example: Derivative is rate of change -- price per unit..

/_\Quantity candy bar price candy bar
\Price$ in $US $

But, what if you wanted to find the price
of the candy bar in pesos?

In other words, you want to find the rate of
change of candy bars with respect to pesos

candy bar 1% _ candy bar
$ 12 Pesos 12 pesos
dQ d$ dQ
ds dp dp

Similarly, composite functions
can have related rates: dy du dy

au X dx dx



Composite Functions. consist of multiple functions ---= multiple rates of change and relationships between inputs/outputs

Each of the following can be expressed as 2 or more functions:
hx)=A2x + 1 f@=Ax  g®=2x+1
5 5
h(x)= (3x+9) f®=x gx)+3x+9
hx) = sin*x ) =x* 2(x) = sinx

p(t)= cos?(B3t+5  f(t)=t®  gt)=cos(t) h(t)=3t+5

To find the derivative of a composite function:

Chain Rule Formula

if y=j7( and u=gx) (separated function/substitution)
if h(x)= f(gx)) (composite function)

then K'(x)= /'(2() . g'(x) dedu o dx

Example Find the derivative of h(x) = (x> +3x%+6)*

(One approach is to expand the entire function. Then, take the derivative. But, that would be time consuming)

We'll use the power and chain mules to find h'(x): viewing /(x) as a composite function f(g(x))
f(x)=x4 2(x)= x3+3x2+6
3
flx)=4x

gx®= 3:;2 +6x+0
B = 463 +3x2 +6) - (3x°+6x)
S'(&x) g'(x)

Shorteut:  p(x) = (x> + 3x2 + 6)+

= Y@l
exponent in front of parenthesis
4x3+3x2 +6)

new exponent: 'minus 1'
43 +3x2 +6)

5 multiply by derivative of terms inside
43 +3x2 +6) » (3x” +6x) the parenthesis



Using the product rule to verify the chain rule

. L 3 2 3 3 3 4 ) 3 n
Example: Find the derivatives of (x°+7) . (&’ +7) ,and (x7+7) to detive (x°+7)

2
using product rule, the derivative of (x3 +7)°

y= &+ +7)

v = B0 +T7) + (© +DExE+0)

- 2.&+7NE+0)

2. (x° +7Gx3)
3
and, the derivative of (x> +7)
2
y= &+ @+7

y= 2. &0 +76xH) @ +7) + GBx O3+

S

from above
32,2 2903 1 2
= 2. x4+ Gx7) *ExHERTHD
3 2 2 3 2 2
2@+ GxT)+ & +T) (x7)
3 2 3,2
=3x+7) (3x7)
. 3 4
and, the derivative of (x~ +7)

y= x>+ 7)3 &+

i o o' i
& &

y= 3(X3+7)2 G2y 47 + G+ 47
from above
- osienexd) + GHE D

4(x3+7)3(3X2)

We see a pattern: 2
y= & +7)

3 n-1 ”
nx"+7 (3x7)

~_

derivative



Power and Chain Rule -- 3 approaches

Example: y= (x2+3x+ 1}3

Separate the composite fx)= < f'®= 3x2
function
Chain Rule Formula
g®= xI+3x+1)
.. find derivatives of if h(x) = f(e(x)) (composite function)
each part... 2 =2x+3
5 then A'(x)= f'(g(x)) - &'(x)
Apply the formula y'= 3(x%+3x+1)" (2x+3)

f'(e() g'x®)

Example. find the derivative of (3)(3 +2x- 7}4

exponent in front: ﬁ

(3x3 +2x - 7}4

403x> +2x-7)
exponent - 1

3
403 +2x-7)

times derivative of 3 3 2
: 3" +2x- (X" +2-0
parenthesis 4( N )

3
Example: Use substitution to find the derivative of y= (5x 2i3x+ 4)

Substitute U variable LetU= 5x°+3x+4
_ .3 it y=jf( and u=g(x)
so, y=U
dy _ dy du
Find individual rates of change du dx du  dx
——— =10x+3
dx
gy _ 32
au 3U

Apply chain rule to find dy/dx
dy _ dy  dU

-y —— 3U 2+ (10x + 3)

basic fractions!

2
Substitution:  3(5x 2+ 3x +4)" (10x+3)



Example: For the equation x=sint+3

find 4Y_
v = cost dx
We can find él_dI: _5 cost+0 These show how x and y change as ¢ changes

then, find -9 s -sint

To find dy

dar dx ., we combine the fractions (rates of change)
dy . dy
I S d _ dy  dt _ dy
. cost tan dc 4t ~dx  dx
d-r T
Example: Find the line tangent to x = cost
- tt= 1
y=1—sint a 5
o . . M _ A3
substitute t into each equation to get the (x. y) coordinate x = cos( 6 )= > A
2 2)
—1—sin(Ly= L1
y ( - )=
d 0 t
. d dt —cos
Then, to find the slope, we need 4y _ _
dx dx -gint or cot(t) slope or gx_y at t= L
dt 6
3
_ 1T dy N
at t= o =3
e equat e 1 e
Then, write equation of the line: y- 5 = /(3_ (x- 5 ) o | y= /(3_)(_]

Example: y=3x2+6x—10

d
If %: 4t and EOR =3t

dt where is the pointatt=3?
rates of change: —SXL =6x+6
g d
[y
dx _ 4 _ex+6 — dx
- 4t dx
dt
4y _ 3¢
dt

att=3, dy/dt=-9
de/dt =12

Therefore, the instantaneous rate of change

6xX +6=-3/4
6x=-9/2
x=-3/4

att=3, x will be at -3/4...
and, y willbe at -205/16

y=3(-3/4)> + 6(-3/4) - 10 = -205/16

(-3/4, -205/16)



Today, I'm going to introduce you
to the chain rule."

L"Last week, I taught you about limits.. J

"T don't know.

‘What does he
mean by '"U'?"

But, I think P’
is continuous."

LanceAF #163 (11-5-14) Caleulus can be torture for math students...
mathplane com
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Chain Rule Quiz

1)  Separate the following composite functions:
) hE) =Alsx+1
b hE= 8x+9)
¢ hX)= sinfx
d)  p(t)= cos’ (3t—5)

o f(ty= 2Bt

2) Evahate the following derivatives, using the graph below.

W)=
Note:
If h(x)= f(g(x)) . then R'(x)= f"(gx)) - g'®
5 180 ") =
h(1)=
1 2 3 4 5 H(112) =

3) Find the derivative of y= (x3 + 3)2 using the following appoaches:

a) Multiply/expand the equation b) Product rule ¢) Use chain rule



4) find the tangent line at t = 3

x=3t2+1

y=-2

5) Find the first and second derivatives:

a)  (4x5+3x+7) b) 1

6) Find the (first) derivatives of the following:

a (x- 1)3- (7x +4) 2 b) (1+cos?7x)3



7) Using the tables, find the following,

A) Dy of g(fix) whenx= 2

X 1 2 3 1
F® 3 1 2 4
PG A R N
&) 4 3 1 2
g | 13 ve | /9 | 2/9
a) 2/9
b) -4
c) 7/9
dy -5/3
e) -28/9
B) Dy of g(flx) whenx=1
X 1 2 3 1
f® 3 1 2 4
re | 2| s ||
2(x) 4 3 1 2
g® | 13 1/9 79 | 209
C) D, of flg(x)) when x=3
X 1 2 3 4
f® 3 1 2 4
r@ | TS ||
g(x) 4 3 1 2
gx | 13 1/9 79 | 209

Solutions-—>



1) Separate the following composite functions:

8 h)=Afsx+1 F@=Ax  gw=sx+1
b) k@)= (8x+9°  f)=x3 o(x) + 8x+9
¢ hx)= sin®x = X 2(x) = sinx
d pM=cos Gt-5  f()=t%  gt)=cos(t) h(H)=3t—5
o sy=207D  rp=2"  e=3t+7
2) Evaluate the following derivatives, using the graph below.
h(3)=
Note:
If h(x)=f(g(x)). then h'(x)=f"(g(x)) - g'(x)
5 f.g® ) =
4 |
N F®
2 (1=
1]
1 2 3 4 s (1) =
3) Find the derivative of y= (x3 + 3)2 using the following appoaches:
a) Multiply/expand the equation b) Product rule

y= (< +3)x> +3) y= @+ 33 +3)

o

y= 2% +6x’ +0 f =

¥ =(x2+0)x +3)+ (x2+0)x+3)

] 2
= x5 4 18x2 . .
Y= 6xT sk oo g

5 2 5 2
¥y =3x +9x° + 3x7 +9x

v = 6x° +18x°

SOLUTIONS

2(3)=2 f'(2)=1 (slope f(x) atx=2)
2'(3)=-1 (slope of g(x) atx=3)

W) = £'EE) - £0) = () (1) 41 |
g@)=3 f@=1

Q=1 hQ=/E). g®q1 ]

g(ly=4  f'(4)=undefined (it's a corner)
2(1/2)=45 ['(4.5)=-4 (slope of line between 4 and 5)
2'(1/2)=-1 R(1/2)= f'(g(1/2)) - g'(1/2) = -4+ -1 =

¢) Use chain rule

y= @ +3)?
2
y=U U= (x5 +3)
2

I

3 2
=2(x° +3).3x

= 6x° +18x°



4) find the tangent line at =3

atr=3, x=13
x=3t2+1 iy
y=-2t
dx o att=3,
dr
dx
dy dt
ar ~ 2
atv
dt

5) Find the first and second derivatives:

2
Q)  @x%+3x+7)

L 1
first derivative: 2(4)(6 +3x+7) - (24X5+ 3)

(8x5 + 6x + 14) + (24x°+ 3)

second derivative:  product rule

(48> + 6+ 0)(24x°+ 3) + (120x* + 0) (8x5 + 6x + 14)
f g g S

(48x° +6)(24x°+3) + (120x*) (8x5 + 6x + 14)

6) Find the (first) derivatives of the following:

) &1 (x+4)°
first derivative:

product rule and chain rule...

2 2
3R-1)+ (Tx+4) + 2(Tx+4)(T) + (x- 1)
GCF and simplify...

(x- 1)2 (Tx+4)|3(7x + 4) + 14(x - 1)]

(13, -6)

Tangent line:

y+6=-1/9(x - 13)

SOLUTION

dy
dy _ _dt _ -2 i
& = 13 slope is -1/9

dt
b) 1

C+5 E

. 3 2

rewrite: (X~ +5)

-3

. 13 2 2
first derivative: ——(x” +5)7 - (3x +0)

second derivative:

-3

% (X3 + 5)2_- (3X2)

23 +5)

5 -3
. - =3xC 2
product rule: S (X?r +5) 2
5
-3 =0
5 33 2 .2 3x?
Bx .0 +5% + & +5HTExT) 3%
AN g f
4
-3% 27x

M3+ 5)°

1//(x3 +5)

b) (1+cos?7x)3

y'= 3(1+cos?7x }2 [0+ 2(cos7x}1 (-sin7x)(7)]

= 3(1+cos7x }2 [-14(cosTx)(sin7x)]

=—42(1+ cos?7x }2 (cosTx)(sin7x)




7) Using the tables, find the following,

A) Dy of g(fix) whenx= 2

X 1 2 3 4
f(®) 3 1 2 4
' | -7 -5 -4 -6
8(x) 4 3 1 2
g® | 113 1/9 79 | 2/9
a) 2/9
b) -4
c) 7/9
d) -5/3
e) -28/9
B) Dy of g(fix) whenx =1
X 1 2 3 4
fx) 3 1 2 4
@ | -2 -5 -4 -6
g®) 4 3 1 2
gx® | 13 1/9 7/9 2/9
C) D of flg(x)) when x=3
X 1 2 3 4
f(®) 3 1 2 4
f® | 7 -5 -4 -6
2(x) 4 3 1 2
gx | 13 1/9 79 | 2/9

SOLUTIONS

Using the chain rule of compositions,

Derivative: o rx)y — () - £(x)
f2)=1
g(1)=1/3 -5/3
£(2) = -5

Using the chain rule of compositions,

Derivative: o(f(x)) = g'(f(x)) - P(x)

flgx))' = f'(gx) - ¢'
g(3)=1
g(3) %
f(1y=-7 7
g'(3)="7/9

.7/ =

)

-14/9

-49/9




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com
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