Calculus: Limits and
Asymptotes

Notes, examples, & practice quiz (with solutions)

g(x)

Topicsmcludedefinitions, greatest integer function, strategies, infinity,
slant asymptotesqueeze theoremand more
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| Definition of a Limit |

If f(x) gets arbitrarily close to a single number L as X approaches ¢, then

we write
lim f(x)=L

X—=C

and say that "the limit of f(x). as x approaches c. is L."

Also, in order for the limit to exist, the values of f must tend to the same number L

from the left or the right.

lim f(x)=L

X=co

("left-hand limit of £(x)" or
"limit from the left" )

lim+ S(x)=L

X—>C

("right-hand fimit of ()" or
"fimit from the right' )

Note -- from the definition:
1) The limit is unique if it exists.

(limit from the left = limit from the right)
2) The limit does not depend on the actual
value of f(x) at c. Instead, it is determined
by values of f(x) when x is near ¢

Illustrations and Examples:
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x—1 when x+#1

x—1

nE=xF+x+1

fx)= gx=| x—1

0 when x=1 h(h)=1+1+1=3

fly= % undefined
lim g(1)=0 lim
x>l f(x)=3 x->1 hiz) =4

lim .
x>l 8() =3

Note: The values at 1 are all different, but the limits are all the same,

because
the values of the functions as x gets near 1, approach 3.
g®=[x] alpproach.ing 2 from the
"ereatest integer 3l —_— right...
function"
St g(1.5)=1 ‘Z
14+ —0
2l —)
2(-23)=-3
— b—f—t— 1
o S,
1 2 3 2)=2
L g2 T

| | Il
L 2 (1.00034) = 1 P

—0A 1 / 2 3

—_—h
approaching 2 from the
left. ..
Iim [x]=1 lim [x]= -3 ) o
s [x] g lim  [x] 7& 2 why is it not equal
X—2 to 27
Note: For the 'greatest integer function', lim [x] =2 ifp‘;‘;;:gﬁ;ﬂﬂ%%ﬁhﬁ%ugg;; ‘t‘h:m
the limit exists for all values of x X—>2 Jgh deen . :
that are NOT integers!
lim [x]=1 But, when approaching 2 FROM THE LEFT,
X—>2" the values are 1..

Since the limits are different, the limit does
not exist at 2!!



Example: (x? _ 9)

x> +2x—3
Find the limit as x approaches -3

(algebraically)
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(x+3)x-3)
x+3)x-1

(x-3)
&-D

at x=-3

32

****The limit of a function is the value that you approach from the left and from the right...

Important: you never reach the actual value... the limit is where you're approaching!!

(graphically)
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For example, when the limit of a function is 2, you approach 2 (or, "get infinitely close to" 2)

on the number line, you travel -2, -1, 0, 1, 1.5, 1.8, 1.9, 1.99, 1.999, 1.99999..... You never reach 2, because

there is always a point in between!

Example:
3
—x~ + 4x
%) = . if x=0
2 if x=0
f0) =2
But, the limit as x approaches 0
is 4...

Notice, the limit as you approach
x=0,is4....

(i.e. as you get infinitely close to
x = 0, the value gets closer and
closerto 4...)

However, at the exact point x =0,
the output is 2!




Finding Limits: Examples

1) "Plug in the Number" (Direct Substitution)

lim 24351 = lim 2 . lim 33 — lim 1
x—3 x—=3 x—=3 x—3

= 9 4 9 — 1 =17
lim 1+ xcos(2x) = lim 1 , lim x , lim cos(2x)
Xx—=0 x—=0 x—=0 x—=0

= 1 + 0 . 1 =g

lim _X _ 8  idefined (or, does not exist)
x—>8 Xx-8 0

2) "Eliminate the Problem"

lim (x e 4) o \\9,"/ However, we can lim x+2)x _2)
x—2 (X = 2) - /6\\ factor the numerator.. x—2 (X — 2) there is a 'hole’'
e i at (2.4)
. S
then_c‘j«mcelthe lim W A H A
denominator. .. ) x =2) T |/ TTT
o
then, solve... lim x+2=
x—2

lim ﬂ Again, at x=2, thereisa 0 iim & —2)(X2 +2x+4)
x—=2 X2—4 in the denominator.. 52 (x +2)(x-2)

So. we factor §vith difference 2
of squares and difference of cubes) iim (X<2)(x2+2x+4)

2
Simplify and x—>2 x+ 2)(;/9—’ 2)
plugin2... 5
%) +22)+4 _ 12 ,_
@ *+2(2) = =3
@+2
3) "Extrapolate the Limit"
1.5
X ‘1/2‘1 |2 ‘ 4 |10 ‘approachesoo

2 2
lim 1+ —=1
X—> o0 X3

f(X)‘ 17 ‘ 3 ’1.25‘ 1.031‘ 1.002‘ approaches 1

lim =0 As X increases, the numerator is getting smaller and
X500 5 the denominator is getting larger..
Therefore, the function is decreasing toward 0.

"End Behavior of Polynomial"

For polynomials whose (largest) degree > 1

if leading coefficient is positive, then it becomes infinite as x does..
if leading coefficient is negative, then it becomes negatively infinite as x increases to co

o 5 2 -
lim x®-23x+2 = o lim 8x—5x%= —o0 lim .00004x —~10° = ®
X— 0o X— 00 X— o0




4) "Utilizing the Conjugate"

lim A1+h — 1

"plug in the number” A1+0 — 1

Finding Limits: Examples

-0 (cannot determine yet)
h—=0 h 0 0 ’
JE— 2 .
lim Wi+n — 1) @Wi+h +1) Ni+h - 17 **Important observation: we multiplied the
h—0 h P —— nmumerator terms, but did not combine the
1+h 1 ) ’
U\/ 0 h WI +h +1) denominator terms
= ,h/ lim 1 Try again... 1
Hpfi+n +1) h=0 wi+n +1 2
5) "Expand or Rewrite"
im @+ -8 3
lim (72 79 "substitute the 0" (@ +¥2) =8 ~_ 0 (cannot determine yet)
h—0 h 0 0 -
Expand the numerator:
¥
(h+2)h+2)=h"+4h+4  hPeens 2hes =8
2 3 2 m _
+4h+0)h+2)= - =
(h* + 4h+4)(h+2)= h” +4h” +4h P -
2hZ+8h+8
- 2
n>+6n%+12n+8 im  p*ieptr12 =|12
h—=0
. 1 1 X 4 +4
- 4+ = . = 4+ X .
o X__ hm W fm e _ lm 1 [
4+x X—-4 1+x X—=-4 x14 T x—-4 4 16
Example: Using 2 methods, find lim Ax — 3
X—=9 x—0
method 1: multiply by the conjugate method 2: extrapolate / use a chart
lim VX -3 @x+3) _
=9 x-9  (@#x +3) X |8 | 8589 9 |91] 95|10
] 171 |.169 | .167 166|.164 |.162
lim x—9 _ S
=9 x-9 (yx + 3)
lim 1 1

=9 @wx +3)




Finding Limits: Examples

Example:  fm 1-COSX  substiutex=0, 1-cos(®) _ 0 ... .
x—»0 sinx sin(0) o Indetermmate...
(Use conjugate) 1-cosx  (1+cosx) _
Smx (1+ cosx)
1- c052 X

) . sinx(1 + cosx)
(Trig Identity)
2

sin” x sinx
sinx(1 + cosx) (1 + cosx)
substitute x =0 sin(0) 0 ﬂ
(1 + cos(0)) 2

Example: x—1 1 o
lim -3 3 substitute X = 0, and the result is o indeterminate...
x—=0 <
. - - — (5x —
(Combine numerator % — (5x-3)1) 3}(‘“ i 3)(3§~X 3) —2x
terms and simplify) - (5x-3)3)  _ . _ 15x-0
X ® X
-2 2
152 —9 9
_ . 2,
Example: thlz _ X |(:_ 22}|(X +3) limit as x approaches 2 from the left side...
at x = 2, the equation is 0/0

xz(x )x +3) put in x = 2, and the solution is 20...

|X<2]
-20 from the left!
x |1 [15]19 [1.95]2.05([2.1 [25 | 3
(20 from the right).. fix) | -4 |-10.1]-17.7]-18.8[21.2 ||22.5| 34.4 | 54
Example: lim x-?-z — 1 3x—2) - (x+2) x—8-x
x4 x—2 x-2)x+2) _ &x-2E+2)
Xx—4 x—4 Xx—4
-4 . 1 2
x-2)x+2) x-4  (x-2Ex+2)
lim 2

1/6

x4 (x—-2)(x+2)




Using a graph to determine the limit: The absolute value example

x—3
MO
Find lm A(x)
x—>3
Step 1: Use direct substitution
lim X—3 _ 3)+3 _ 0 .
I 7|x 3] OEE 0 Inconclusive!
Step 2: Try to factor or use conjugates
These techniques will not work in this problem...

Step 3: Make tables of values and graph

approaching approaching

from the left from the right

X | h(x) X | A(x)

2 -1 4 1

2.5 -1 35 |1 .

2.8 -1 32 11 '

2.9 -1 31 |1

2.90| -1 3011

Conclusion:
Iim h(x) 1
x =3
im h(x)
1
x—=3T

im A(X) - poes Not Exist (DNE)
x —=3

(limit from the left and limit

from the right differ)




"Squeeze" Theorem (Also, called "pinching theorem" or "sandwich theorem™)

Brief : : ; - .
Summary: /=g =h() and BN g = M0 pey = L, then M g(9) = L

X>a
Example: lim 2 cos(i)
x—=>0 x

g
Try direct substitution: (0) cos( %) 2277

But, we know 1= cosx) =1 (range of a cosine function)
So, -1=< cos(%) <1

multiply each term by x2

—x% < xzcos(%) < x?

then, find the limit of the lower and upper terms

lim <2 =0 lim 2 =
Xx—=0 Xx—=0
X —
50 cos( - )
-1
! 0.05
08 05 -0la o2 o 02 04 6 0ls

-0:05







